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The article presents a two-temperature theory to study the thermally insulated stress-free
surface of a thermoelastic solid half-space due to an inclined load. The inclined load is a
linear combination of a normal load and a tangential load. The normal mode analysis has
been employed to solve the present problem. Variations of conductive and thermodynamic
temperatures, displacements, and stresses distributions with the horizontal distance have
been presented graphically. Some comparisons have been made to estimate the effects due
to the two-temperature parameter and the inclination angle on the field quantities. Results
of earlier works have been deduced from the present investigation as special cases.
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1. Introduction

Classical thermoelasticity theory is based on Fourier’s law of heat conduction, which, when com-
bined with other fundamental field equations, leads to coupled hyperbolic-parabolic governing
equations. These equations imply that thermal effects are to be felt instantaneously far away
from the external thermo-mechanical load. Therefore, this theory admits infinite speeds of pro-
pagation of thermoelastic disturbances. This paradox becomes especially evident in problems
involving very short time intervals or high rates of heat flux.
The heat equations for both the classical uncoupled theory and the coupled one by Biot

(1956) of the diffusion type predict infinite speeds of propagation for heat waves contrary to
physical observations. The classical uncoupled theory states that the elastic changes have no
effect on temperature. So, Biot (1956) formulated his theory to eliminate this paradox. At pre-
sent, there are several theories of hyperbolic thermoelasticity (Lord and Shulman, 1967; Green
and Lindsay, 1972) with one and two relaxation times. Both of these theories ensure finite
speeds of propagation for the heat wave. Green and Naghdi (1993) formulated another gene-
ralized thermoelasticity theory without energy dissipation. It included isothermal displacement
gradients among its independent constitutive variables. Recently, Zenkour (2015) presented a
unified theory that included different generalized and coupled thermoelasticity theories.
Sherief and Hamza (1996) solved a 2-D problem in spherical regions. Sherief and El-Maghraby

(2003, 2005) solved two problems including cracks in an infinite thermoelastic solid. A 2-D
problem for a half-space and for a thick plate under the action of body forces was solved
by El-Maghraby (2008, 2009). Allam et al. (2009) studied a 2-D problem of electromagneto-
thermoelasticity for a homogeneous isotropic perfectly conducting thick plate. Abouelregal and
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Zenkour (2013) presented the effect of fractional thermoelasticity in a rotating fibre-reinforced
thermoelastic medium. Zenkour and Abouelregal (2015) investigated a thermoelastic problem
of an axially moving microbeam subjected to an external transverse excitation.

The present article is concerned with investigations related to analytical expressions for di-
splacement, stress, and temperature distributions on the free surface of a thermoelastic medium
subjected to an inclined load. The governing equations are taken in the two-temperature ge-
neralized thermoelasticity model (for the two-temperature model, one can refer to (Chen and
Gurtin, 1968; Chen et al., 1969; Boley, 1956; Abbas and Zenkour, 2014; Zenkour and Abouelre-
gal, 2014a,b). Some comparisons are graphically shown to estimate the effect of the inclination
angle and the two-temperature parameters on all the studied fields.

2. Basic equations

The basic equations of motion for a linear, homogeneous and isotropic thermoelastic material
in the context of generalized thermoelasticity with two temperatures in the absence of the body
force take the following forms

µ∇2u+ (λ+ µ)∇ divu− γ∇θ = ρü (2.1)

where u denotes the displacement vector, θ = T−T0 denotes the thermodynamical temperature,
T0 is the reference temperature, λ and µ are Lamé’s constants, γ = (3λ + 2µ)αt, αt is the
coefficient of thermal expansion and ρ is the mass density. Note that the direct vector/tensor
notation is employed; also, an over dot denotes partial derivative with respect to the time
variable t.

The stress tensor σ associated with u and θ is given by the constitutive equation

σ = λ( divu)I + µ[∇u+ (∇u)T]− γθI (2.2)

where I is the identity tensor and the suffix T is the transpose of the given vector.

The strain-displacement relations are

eij =
1

2
(ui,j + uj,i) (2.3)

where eij is the strain tensor.

The equation of entropy (energy equation) is

ρT0
∂η

∂t
= −qi,i +Q (2.4)

where η is the entropy per unit volume measured from the entropy of the reference state, qi are
the components of the heat flow vector, and Q is the applied heat flux.

The entropy-strain-temperature relation is

ρη = γekk +
ρCE
T0
θ (2.5)

where CE is the specific heat at constant strain and ekk = divu = e is the cubical dilatation.

The modified Fourier law is

qi + τ0
∂qi
∂t
= −Kϕ,i (2.6)
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where τ0 is the thermal relaxation time which will ensure that the heat conduction equation will
predict finite speeds of heat propagation, K is the thermal conductivity, and ϕ is the conductive
temperature measured from the temperature ϕ0 (ϕ0 = T0), which satisfies the relation

θ = ϕ− aϕ,ii (2.7)

where a is the two-temperature parameter (temperature discrepancy).Then the heat conduction
equation takes the form

(Kϕ,i),i =
(

1 + τ0
∂

∂t

)(

ρCE
∂θ

∂t
+ γT0

∂e

∂t
−Q
)

(2.8)

3. Statement of the problem

Let us consider a homogeneous thermoelastic half-space with two-temperatures occupying the
region z  0. The z-axis is taken perpendicular to the bounding plane pointing inwards. It is
assumed that the initial state of the medium is quiescent. The surface of the medium is subjected
to an inclined load. The inclined load is assumed to be a linear combination of the normal and
tangential load. A Cartesian coordinate system (x, y, z) is used. The present study is restricted
to plane strain parallel to the xz-plane. The problem is thus two-dimensional with all functions
considered depending on the spatial variables x and z as well as on the time variable t. The
problem is considered within the context of the theory of two temperature thermoelasticity.

The displacement vector u, thus, has the form

u = [u, 0, w] (3.1)

For the 2-D problem in the xz-plane, Eq. (2.1) can be written as

(λ+ 2µ)
∂2u

∂x2
+ (λ+ µ)

∂2w

∂x∂z
+ µ
∂2u

∂z2
− γ ∂θ
∂x
= ρ
∂2u

∂t2

(λ+ 2µ)
∂2w

∂z2
+ (λ+ µ)

∂2u

∂x∂z
+ µ
∂2w

∂x2
− γ ∂θ
∂z
= ρ
∂2w

∂t2

(3.2)

The generalized equation of heat conduction, Eq. (2.8), is written in the xz-plane as

K
(∂2ϕ

∂x2
+
∂2ϕ

∂z2

)

=
(

1 + τ0
∂

∂t

)(

ρCE
∂θ

∂t
+ γT0

∂e

∂t

)

(3.3)

and, Eq. (2.7) becomes

θ − ϕ = −a
(∂2ϕ

∂x2
+
∂2ϕ

∂z2

)

(3.4)

In addition, the constitutive relations may be reduced to

σxx = (λ+ 2µ)
∂u

∂x
+ λ
∂w

∂z
− γθ σyy = λ

(∂u

∂x
+
∂w

∂z

)

− γθ

σzz = (λ+ 2µ)
∂w

∂z
+ λ
∂u

∂x
− γθ σxz = µ

(∂u

∂z
+
∂w

∂x

)

(3.5)
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4. Solution of the problem

Let us define displacement potentials Φ and Ψ which are related to the displacements u and w
as

u =
∂Φ

∂x
− ∂Ψ
∂z

w =
∂Φ

∂z
+
∂Ψ

∂x
(4.1)

Using the above relations in the governing equations, one obtains

c21∇2Φ−
∂2Φ

∂t2
=
γ

ρ
(ϕ− a∇2ϕ) c22∇2Ψ −

∂2Ψ

∂t2
= 0

K∇2ϕ =
(

1 + τ0
∂

∂t

)(

ρCE
∂

∂t
[ϕ− a∇2ϕ] + γT0

∂

∂t
(∇2Φ)

)

(4.2)

and

σxx = λ∇2Φ+ 2µ
∂

∂x

(∂Φ

∂x
− ∂Ψ
∂z

)

− γ[ϕ− a∇2ϕ] σyy = λ∇2Φ− γ[ϕ− a∇2ϕ]

σzz = λ∇2Φ+ 2µ
∂

∂z

(∂Ψ

∂x
+
∂Φ

∂z

)

− γ[ϕ− a∇2ϕ] σxz = 2µ
∂2Φ

∂x∂z
+ µ
(∂2Ψ

∂x2
− ∂

2Ψ

∂z2

)

(4.3)

where

c21 =
λ+ 2µ

ρ
c22 =

µ

ρ
∇2 = ∂

2

∂x2
+
∂2

∂z2
(4.4)

The initial conditions are given by

u(x, z, 0) = w(x, z, 0) = 0
∂u

∂t
=
∂w

∂t
= 0

θ(x, z, 0) = ϕ(x, z, 0) = 0
∂ϕ

∂t
=
∂θ

∂t
= 0

(4.5)

The following dimensionless variables are introduced

{x′, z′, u′, w′} = η0
c1
{x, z, u,w} {t′, τ ′0} = η0{t, τ0} η0 =

ρCEc
2
1

K

{Φ′, Ψ ′, a′} =
(η0
c1

)2
{Φ,Ψ, a} {θ′, ϕ′} = γ

ρc21
{θ, ϕ} σ′ij =

σij
µ

(4.6)

into Eqs. (4.2). After removing the primes, one obtains

∇2Φ− ∂
2Φ

∂t2
= ϕ− a∇2ϕ ∇2Ψ − β2 ∂

2Ψ

∂t2
= 0

[

1 + η0a
∂

∂t

(

1 + τ0
∂

∂t

)]

∇2ϕ = η0
(

1 + τ0
∂

∂t

)(∂ϕ

∂t
+ ε
∂

∂t
(∇2Φ)

)

(4.7)

where ε is the dimensionless thermoelastic coupling constant and β is the ratio of the longitudinal
waves speed to the shear waves speed

ε =
γ2T0

ρCE(λ+ 2µ)
β2 =

λ+ 2µ

µ

Here, we restrict our attention to the constitutive relations given by Eqs. (4.3)3,4. They become

σzz = 2
∂

∂z

(∂Ψ

∂x
+
∂Φ

∂z

)

+ (1− 2β2)∇2Φ− β2[ϕ− a∇2ϕ]

σxz = 2
∂2Φ

∂x∂z
+
∂2Ψ

∂x2
− ∂

2Ψ

∂z2

(4.8)
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5. Normal mode analysis

The normal mode analysis is used to give exact solutions without any assumed restrictions on
temperature, displacement, and stress distributions (Cheng and Zhang, 2000; Allam et al., 2009).
The solution of the present field quantities can be decomposed in terms of the normal modes as

[u,w, ϕ, Φ, Ψ, σij ](x, y, t) = [u
∗, w∗, ϕ∗, Φ∗, Ψ∗, σ∗ij ](x)e

(ωt+iζz) (5.1)

where ω is the complex frequency, i =
√
−1, ζ is the wave number in the z-direction, and u∗(x),

w∗(x), ϕ∗(x), Φ∗(x), Ψ∗(x) and σ∗ij(x) are the amplitudes of the field quantities. Using Eq. (34),
Eqs. (4.7) take the forms

(D2−α1)Φ∗ = −a(D2−α2)ϕ∗ qε(D2−ζ2)Φ∗ = (D2−α3)ϕ∗ (D2−k23)Ψ∗ = 0
(5.2)

where

α1 = ζ
2 + ω2 α2 = ζ

2 +
1

a
α3 = ζ

2 + q k23 = ζ
2 + ω2β2

q =
ωη0(1 + τ0ω)

1 + η0aω(1 + τ0ω)
D =

d

dx

(5.3)

Eliminating ϕ∗(x) or Φ∗(x) in Eqs. (5.2)1,2, one gets the following fourth-order differential equ-
ation for ϕ∗(x) or Φ∗(x)

(D4 −AD2 +B){ϕ∗(x), Φ∗(x)} = 0 (5.4)

where

A =
α1 + α3 − qεa(ζ2 + α2)

1− qεa B =
α1α3 − qεaζ2α2
1− qεa (5.5)

Introducing ki (i = 1, 2, 3) into Eq. (5.4), one finds

(D2 − k21)(D2 − k22){ϕ∗(x), Φ∗(x)} = 0 (5.6)

where k21 and k
2
2 are the roots of the characteristic equation

k4 −Ak2 +B = 0 (5.7)

The roots of Eqs. (5.6) are given by

k21 =
1

2

[

2A+
√

A2 − 4B
]

k22 =
1

2

[

2A+
√

A2 − 4B
]

(5.8)

Keeping in mind that ϕ∗, Φ∗ → 0 as x→∞ for surface waves, the solution to Eq. (5.6) has the
form

{ϕ∗(x), Φ∗(x)} =
2
∑

n=1

{mn(a, ω),Mn(a, ω)}e−knx (5.9)

where mn(a, ω) and Mn(a, ω) are specific functions depending on a and ω. Substituting Eqs.
(5.9) into Eqs. (5.2)2, one obtains the following relation

Mn(a, ω) = Hnmn(a, ω) n = 1, 2 (5.10)
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where

Hn =
k2n − α3
qε(k2n − ζ2)

n = 1, 2 (5.11)

Thus, one has

{ϕ∗(x), Φ∗(x)} =
2
∑

n=1

{1,Hn}mn(a, ω)e−knx (5.12)

From the regularity condition, one obtains

Ψ∗(x) = m3(a, ω)e
−k3x (5.13)

where m3(a, ω) is specific function depending on a and ω. Making use of solutions given in Eqs.
(5.12) and (5.13), one gets

u∗ = −
2
∑

n=1

knHnmne
−knx − iζm3e−k3x w∗ = iζ

2
∑

n=1

Hnmne
−knx − k3m3e−k3x (5.14)

Using Eqs. (3.4) and (5.9), one obtains

θ∗ =
2
∑

n=1

[(1 + aζ2)− ak2n]mne−knx (5.15)

Substituting Eqs. (5.12) and (5.13) into Eqs. (4.8), we obtain

σ∗zz =
2
∑

n=1

Lnmne
−knx − 2iζk3m3e−k3x

σ∗xz = −2iζ
2
∑

n=1

knHnmne
−knx + (ζ2 + k23)m3e

−k3x

(5.16)

where

Ln = [−2ζ2 + (1− 2β2)(k2n − ζ2)]Hn − β2[1− a(k2n − ζ2)] (5.17)

6. Applications

In what follows, the parameters mj (j = 1, 2, 3) will be determined. In a physical problem,
we should suppress the positive exponentials that are unbounded at infinity. Suppose that an
inclined line load F0 is acting along the interface on the x-axis and its inclination angle with the
z-axis is θ0.
The normal line load F1 is considered to be acting in the positive x direction on the sur-

face x = 0 along the z-axis, and the tangential load F2 is acting at the origin in the positive
x direction, then the boundary conditions on the surface y = 0 are

{σzz(0, z, t), σxy(0, z, t)} = −{F1, F2}e(ωt+iζz) (6.1)

where for the inclined line load F0 we have F1 = F0 cos θ0 and F2 = F0 sin θ0.
The surface x = 0 is thermally insulated, i.e. it satisfies the boundary condition

∂ϕ(0, z, t)

∂x
= 0 (6.2)
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Using the above boundary conditions, one readily obtains the following equations

2
∑

n=1

Lnmn − 2iζk3m3 = −F1 − 2iζ
2
∑

n=1

knHnmn + (ζ
2 + k23)m3 = −F2

2
∑

n=1

knmn(a, ω) = 0

(6.3)

They may be written in the matrix form











m1
m2
m3











=







L1 L2 −2iζk3
−2iζk1H1 −2iζk2H2 ζ2 + k23
k1 k2 0







−1








− F1
−F2
0











(6.4)

which gives values of the three constants mj (j = 1, 2, 3). Therefore, the physical quantities of
the medium will be fully determined.

7. Numerical results

Numerical results of the thermodynamical temperature, conductive temperature, displacements
and stresseswill be presented here. In the present work, the thermoelastic solid half-space due to
an inclined load is analyzed by considering the medium made of Copper. The physical properties
of Copper is presented in Table 1.

Table 1. Physical data of Copper

Quantity Unit Value

K W/(mK) 368

ρ kg/m3 8954

CE J/(kgK) 383.1

αt 1/K 1.78 · 10−5
λ N/m2 7.76 · 1010
µ N/m2 3.86 · 1010
T0 K 293

The computations are carried out on the surface z = 1.0 at t = 0.15. The graphical results for
the dimensionless temperature distribution θ, conductive temperature ϕ, normal displacement u,
transverse displacement w, normal stress σzz, and tangential stress σzx are shown in Figs. 1 and 2
with F0 = 1, ω = ω0 + iξ, ω0 = 2, ξ = 0.1, ζ = 2.1. All the functions have been evaluated inside
the medium on the z-axis (z = 1.0) as functions of x.

A number of special cases are pertinent in this contribution:

• The equations of the coupled thermoelasticity (CTE) theory with one temperature are
obtained when τ0 = 0 and a→ 0.
• The equations of the coupled thermoelasticity (CTE theory) with two temperatures are
obtained when τ0 = 0 and a > 0.

• The equations of the Lord-Shulman (LS) theory with one relaxation time are retrieved
when τ0 > 0 and a→ 0.
• The equations of the generalized thermoelasticity with two temperatures are obtained
when τ0 > 0 and a > 0.
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Fig. 1. Variation of dimensionless (a) temperature distribution θ, (b) conductive ϕ,
(c) normal displacement u, (d) tangential displacement w, (e) normal force stress σzz ,
(f) tangential force stress σzx with distance x for different values of angle of inclination θ0

Figures 1a-1f give a comparison of the results obtained for the normal displacement u, tan-
gential displacement v, transverse normal stress σzz, tangential shear stress σzx, temperature
distribution θ and conductive temperature ϕ against the x direction for different values of the an-
gle of inclination θ0 (orientation of source) and the temperature discrepancy parameter remains
constant.
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We can see that the angle of inclination θ0 has significant effects on all the studied fields.
It has been observed that θ0 plays a vital role on the development of temperature, stress, and
displacement fields, in which the following is observed:

1. A significant difference in values of the studied fields is noticed for different values of the
angle of inclination θ0.

2. Values of temperature, conductive temperature and normal displacement in the fixed point
(x, z) increase when 0 ¬ θ ¬ π/4 and decrease when π/3 ¬ θ ¬ π/2 for the whole time t.

3. The maximum points of displacements w increase when θ0 increases.

4. Figure 1d shows that the behavior due to θ0 = 45
◦ and θ0 = 90

◦ is similar, and so for
θ0 = 30

◦ and θ0 = 60
◦.

5. The angle of inclination θ0 has large effects on the value of the tangential shear stress σzx
which means that σzx decreases with θ0.

6. Values of the normal stress σzz in the fixed point (x, z) decrease when 0 ¬ θ ¬ π/4 and
increase when π/3 ¬ θ ¬ π/2 at any moment t.

Figures 2a-2f show how the field results vary with different values of the dimensionless tem-
perature discrepancy. The case a → 0 indicates the old situation (one temperature 1TT) and
the cases a > 0 indicate the two-temperature theory (2TT).

The variation is very sensitive to the response of all field quantities. When a = 0, all quantities
exhibit different behavior. This shows the difference between the one temperature generalized
thermoelasticity of LS (1TT) and the two-temperature generalized thermoelasticity (2TT). Also,
Figs. 2a-2f show that this parameter has significant effects on all the field quantities. The waves
reach the steady state depending on the value of the temperature discrepancy. It can be observed
that a > 0 corresponds to a slower rate of decay than the case when a = 0. Once again, the
behavior of 2TT model may differ from that of 1TT model near the boundary plane. The model
of thermoelasticity with two temperatures predicts a finite speed of wave propagation, which
makes the generalized theorem of thermoelasticity more agreeable with physical properties of
the material.

8. Conclusions

Analysis of normal displacement, tangential displacement, transverse normal stress, tangential
shear stress, temperature distribution and conductive temperature due to mechanical load in
a semi-infinite generalized thermoelastic medium is an interesting problem of mechanics. The
generalized two-temperature theory of thermoelasticity in the context of Lord and Shulman’s
(LS) model is used to solve this problem. A normal mode technique has been used which is
applicable to a wide range of problems of thermoelasticity. This method gives exact solutions
without any assumed restrictions on the actual physical quantities that appear in the governing
equations of the problem considered. The effects of the angle of inclination as well as the two-
temperature parameter on the field variables are investigated. The results concluded from the
above analysis can be summarized as follows:

• It is seen that the values of all the field variables are significantly dependent on the two-
temperature parameter.

• According to the theory of thermoelasticity with two temperatures, we have to construct
a new classification for materials according to their fractional parameter. This parame-
ter becomes a new indicator of the material ability to conduct heat under the effect of
thermoelastic properties.
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Fig. 2. Variation of dimensionless (a) temperature distribution θ, (b) conductive ϕ,
(c) normal displacement u, (d) tangential displacement w, (e) normal force stress σzz ,

(f) tangential stress σzx with distance x for different values of temperature discrepancy parameter a

• It is also observed that the theories of coupled thermoelasticity and generalized thermo-
elasticity with one relaxation time can be obtained as limit cases.

• According to this work, one can consider the theory of two-temperature generalized ther-
moelasticity as an improvement of the study on elastic materials.
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• The properties of the body largely depend on the direction of symmetry and the inclination
of the applied source.

• Significant difference in values of the studied fields is noticed for different values of the
angle of inclination.
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